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Abstract: Metal nanoparticles are important in several emerging technologies, but their size-selected
thermodynamic properties are hard to obtain from experiment. We have characterized the energetic and
structural properties of unsupported neutral Aln (2 e n e 65) particles (clusters and nanoparticles) via
molecular dynamics quenching simulations with a recently validated many-body analytic potential. For each
particle size (n), the global minimum-energy structure, the distribution of the local energy minima, and the
finite-temperature thermodynamics have been calculated, the latter by evaluating ∼100 000 rovibrational
partition functions for the low-energy isomers of the various particles. This analysis demonstrates that the
dominant structures of clusters and nanoparticles depend on temperature as well as particle size and that
one must consider statistical mechanics as well as electronic structure in determining the dominant structures,
stabilities, and properties of nanoparticles. As a particularly dramatic example, although the electronic magic
numbers of Aln are n ) 13, 19, 23, 38, and 55 when thermal energy is neglected, the n ) 38 magic number
is found to become unstable relative to its neighbors (n ) 37 and 39) at temperatures of 500 K and above
due to vibrational energy and entropy effects. Furthermore, an energy-landscape analysis based on the
probability of finding an isomer demonstrates that for many particle sizes, the global-minimum-energy
structure on the potential energy surface is not the dominant structure at moderate temperatures, and
other low-energy isomers may be dominant at temperatures as low as room temperature. For example,
the four lowest-energy structures account for less than 50% of the population for n ) 17, 31, 33, 34, 36,
37, 39, 41-43, 50, 56, 58, and 63-65 at 300 K and for n ) 10, 11, and 17-65 at 1500 K. At 1500 K, even
the 64 lowest-energy structures account for less than half the population for n ) 23, 27-55, and 57-65.
The increased importance of higher-energy structures at finite temperatures has important implications for
understanding the size-selective reactivity and catalytic activity of metal nanoparticles. The isomeric energy
(EIso), which is the difference between the thermal average energy of the particle and that of the
corresponding global minimum structure in the ground electronic state, is introduced as an indicator of
how well the thermochemical properties of a multi-isomer particle can be represented by those of the global
minimum structure. Particularly low values for Al12, Al13, Al19, Al48, Al53, Al54, and Al56 have been found in
a wide temperature range.

1. Introduction

Clusters and nanoparticles have properties distinctly different
from those of bulk materials,1-5 and the possibility of exploiting
these unique properties, especially in metallic nanoparticles,2-4

has inspired intensive experimental and theoretical efforts. One
step toward understanding size-dependent phenomena is the
characterization of energetically favorable structures as a
function of particle size and, in particular, the determination of
the most favorable zero-kinetic-energy structures, that is, the
global minimum-energy structures. Even for nanoparticles of
moderate size, the determination of the global minimum is often
not straightforward due to the ruggedness and high dimensional-

ity of the potential energy surface. Many robust searching
strategies have been suggested, such as genetic algorithms
(SPGA),6 the basin hopping (BH) method,7 the big-bang (BB)
searching algorithm,8 and simulated annealing.9

The global minimum of a potential energy surface is one of
its critical characteristics, but a full understanding of the
landscape requires further characterization.10 We therefore
search not only for the lowest-energy structures for eachn but
also to find a good approximation to the full distribution of all
low-energy structures. Thus we can ask: How rugged and multi-
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peaked are the landscapes? We can also ask: In a thermal
distribution, is the particle likely to be found in the vicinity of
one or a few deep local minima or must one consider vibrational
basins around several or many local equilibrium structures in
order to understand the properties of metal nanoparticles?
Understanding the answers to these questions is a prerequisite
to the rational design of functional nanoparticles, but the answers
are difficult to obtain experimentally because it is not easy to
obtain a monodisperse size distribution although some methods
do exist11,12and it is even harder to characterize the ruggedness
of the energy landscapes of clusters and nanoparticles. Thus,
the simulations presented here yield information that is hard to
obtain by other techniques, either analytical (pure theory) or
experimental.

Although the characterization of the global and local minima
as a function of cluster size is useful in understanding relative
reactivities, catalytic efficiencies, and particle growth, such
studies neglect the important roles of zero-point energy, thermal
energy, and entropy. Even at moderate temperatures, fluctuations
away from the minima may have important implications for
the properties of thermal systems. These fluctuations can best
be understood by calculating free energies, which requires
entropic as well as energetic considerations. The key to
extending thermodynamics to small systems,13 that is, general-
izing macrothermodynamics to nanothermodynamics,14 is the
introduction of the ensemble-average energy as a function of
particle size.15 Whereas macroscopic systems typically have
negligible fluctuations in energy, small systems, such as
nanoparticles, have large fluctuations relative to their average
energy. In the present article, an analysis of the importance of
these fluctuations in understanding the relative stability of Al
nanoparticles is presented. In particular, the present article takes
up this task for Aln molecules (also called particles) withn in
the range 2-65, where molecules withn e 19 are called
clusters, and those withn g 20 are called nanoparticles. The
boundary between clusters and nanoparticles is somewhat
arbitrary but corresponds to a diameter of∼1 nm. Al clusters
and nanoparticles are studied from 300 K (where the particles
are nanocrystallites) to 1500 K (where they are nanodroplets,
which would be their physical state in most chemical vapor
depositions and plasma environments). The calculation of the
isomer distribution in an ensemble of nanoparticles is very
challenging because of the rugged landscape with multiple,
diverse metastable states, but it is essential to provide a
foundation for extending statistical thermodynamic characteriza-
tion techniques into the nano regime where fluctuations are
commensurate with mean values.10,13-21

The existence of a multitude of low-energy isomers in metal
nanoparticles has implications for their use as chemical catalysts,
both because of the possibility for making more adsorption sites
available and also because of the possibility of adsorbate-induced
structural change.22

The present analysis also has important implications for
understanding phase transitions in nanoparticles.5,7,23,24 The
melting or freezing of a nanoparticle involves a phase transition
or structural transition from a solid-like structure to a liquid-
like structure (melting) or vice versa (freezing), and structural
as well as thermochemical properties are often used to charac-
terize these transitions. Knowledge of the distribution of low-
lying metastable configurations as well as their contribution to
the thermodynamics of the particle as a function of temperature
and particle size is required for a better understanding of this
phenomenon.

The physical and chemical properties of Al particles have
been studied theoretically,25-30 often by using analytic poten-
tials.31-34 These potentials, however, are usually obtained by
fitting to the bulk aluminum properties and are inaccurate for
the energetics of the clusters and nanoparticles.35 Recently,
economical and accurate analytical potentials for aluminum
systems have been developed by fitting to highly accurate
electronic-structure data for Aln clusters and nanoparticles as
well as experimental bulk properties.35,36These analytic poten-
tials allow for efficient and extensive searches of the potential
energy landscapes of aluminum nanoparticles, whereas the use
of first principle methods is feasible only for selected small
clusters.37-39

In this paper, we first present a method; for searching for
global minima of clusters and nanoparticles, then we apply it
to Aln particles (clusters and nanoparticles) withn ) 2-65 using
the NP-B potential energy function36 for the ground electronic
state that was previously validated for pure Al clusters and
nanoparticles using a large and diverse dataset of density
functional theory (DFT) structures and energies;36 the DFT
method was itself validated for the smallest clusters by
comparison to wave function theory and experiment.40 The
NP-B potential assumes that the electronic energy is separable
and that the average electronic excitation energy is independent
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of cluster size as well as isomer, but it does not assume that the
ground electronic state is a singlet or a doublet. In developing
the potential, the spin states of the clusters and nanoparticles
have been taken into consideration in calculating the ground-
state energy, and if a triplet state or quartet state (for example)
is the ground state, the energy used for fitting the potential is
the energy of that state. Although considering just the ground
electronic state is an approximation, the cohesive energy
extrapolated to the bulk limit is just 0.02 eV higher than the
experimental value (an error of only 0.6%). The NP-B potential
used here has been applied to the critical point and phase
behavior of elemental aluminum and the results are promising
and agree with available experimental results.41,42

Section 2 presents the simulation methods. The searching
algorithm is a combination of the big-bang searching algorithm
and a method similar to the conventional simulated annealing
algorithm. Section 3 discusses the low-energy structures pre-
dicted for the NP-B force field. On the basis of finding and
characterizing an ensemble of structures, we discuss the energy
landscapes and thermochemical properties of the Aln clusters
and nanoparticles in Section 4. Important points made in that
section include the importance of vibrational free energy (i.e.,
structures other than local minima of the potential energy
surface) and the importance of isomeric free energy (i.e., the
importance of basins other than the one associated with the
global lowest-energy structure). Section 5 summarizes some of
the conclusions.

2. Simulations

Full details of the simulations are provided in Supporting
Information. Here we simply summarize them.

Big-Bang (BB) Searching Algorithm. For each particle size
n, 10 000 highly compressed nearly spherical particles were
randomly generated. Each of the randomly generated clusters
was then optimized to the nearest local minimum. The lowest-
energy structure in the resulting distribution of local minima
for eachn is denoted the big-bang global minimum (BBGM).

Many of the local minima that are found correspond to the
same structure, and energetic and geometric criteria were used
to determine the final set of distinct local minima.

Molecular Dynamics Simulation and Quenching (MDSQ)
Method. Molecular dynamics (MD) simulations were also
performed for each cluster sizen. Ten independent low-energy
trajectories were started from the BBGM; their temperatures
were slowly raised to 1000 K forn > 30 and to 1400 K forn
e 30; these temperatures are several hundred degrees above
the melting points, which are∼600-700 K for the large-sized
nanoparticles43 and∼1100 K for a cluster as small as Al13.44

(For comparison, the bulk melting point of Al is 933 K.45)
During the MD simulations, randomly selected configurations
were quenched to the nearest local minimum. For nanoparticles
for n > 30, an average of 246 000 configurations were quenched,
while for the smaller clusters, an average of 366 000 were

quenched. A set of up to 2000 distinct local minima was
obtained from the quenched structures by again using energetic
and geometric criteria.

3. Structures

The distinct minima found by the two searching methods are
in generally good agreement, and this validates the collection
of structures for use in further analysis. These distinct structures
will henceforth be called isomers. The lowest-energy isomers
(also called the global minima) forn ) 2-65 are illustrated in
Figures 1-4. The second-, third-, and fourth-lowest-energy
isomers for Al4- Al9 and Al61 are illustrated in Figure 5.
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Figure 1. Structures and symmetries of the global minima withn ) 2-17
located by the combination of the BB and MDSQ methods.

Figure 2. Structures and symmetries of the global minima withn ) 18-
33 located by the combination of the BB and MDSQ methods.
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For Al7, the present simulations predict aD5h structure as
the global minimum. The capped octahedral structure withC3V
symmetry predicted37,38 by DFT as the global minimum is the
second-lowest-energy isomer with NP-B and is higher in
energy by 0.17 eV. The global minimum of Al8 predicted here
hasD2d symmetry, which can be viewed as an octahedron with
two Al atoms capping two adjacent faces. The second-lowest-
energy isomer is a structure that can be described asD5h-Al7

with a cap on one of the faces. An isomer withD3d symmetry,

which distorts to theD2h global minimum predicted by Jones37

and Ahlrichs and Elliott38 using DFT methods, is the fourth-
lowest-energy isomer, higher in energy by 0.38 eV.

The global minima for Al9-Al13 may be understood as being
grown fromD5h-Al7: Al9 is D5h-Al7 capped with two Al atoms
on the two adjacent faces on the same side of the symmetry
plane perpendicular to theC5 axis; Al10 is D5h-Al7 capped by
three adatoms, and so on. The icosahedral Al13 can be viewed
as twoD5h-Al7 sharing one vertex Al atom. For Al9, the BB
and MDSQ searches found an isomer (Figure 5, Al9 (C1)) almost
degenerate with (only 0.006 eV higher than) the global
minimum. Further high-level calculations are needed to confirm
the stability of this low-energy isomer.

Al19 is the largest cluster for which the global minimum has
been characterized using a DFT potential and simulated an-
nealing searches.38 For the clusters in this range, the predicted
global minima are in general agreement with previous
results,25-30,46with one important exception. Analytical poten-
tials tend to prefer structures with higher symmetry, which
would distort to lower-symmetries if Jahn-Teller electronic
effects were included.37-39

For particles smaller than Al13, all the atoms in the cluster
are surface atoms. Forn ) 13-18, the global minima have
shell structures with one interior atom. The global minima of
Al19-Al22 have two interior atoms. From Al23 onward, the
global minima have at least 3 interior atoms Forn > 19, the
global minima generally agree well with structures predicted
by other analytical potentials using other algorithms when such
results27,29,30are available. In particular, the global minimum
of Al38 is a truncated octahedron, and that of Al55 is an
icosahedron.

Although the potential used here has been well validated for
Aln nanoparticles, it does not account fully for the very specific

(46) Chuang, F.-C.; Wang, C. Z.; Ho, K. H.Phys. ReV. B 2006, 73, 125431.

Figure 3. Structures and symmetries of the global minima withn ) 34-
49 located by the combination of the BB and MDSQ methods.

Figure 4. Structures and symmetries of the global minima withn ) 50-
65 located by the combination of the BB and MDSQ methods.

Figure 5. Structures of the second-, third-, and fourth-lowest-energy isomers
(note that for Al4-Al6 less than four isomers were found), if available, of
Al4-Al9 and Al61 located by the combination of the BB and MDSQ
methods. Values in the parentheses are the symmetries and energies∆E
relative to the global minima.
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properties of the smallest particles. For example, although the
most accurate calculations37,38,40,47 indicate that the global
minima for both Al4 and Al5 are planar, with NP-B the planar
Al4 and Al5 are higher in energy than the global minima
(tetrahedral for Al4 and trigonal bipyramidal for Al5

36) 0.55 and
1.07 eV, respectively (other empirical potentials show similar
discrepancies for very smalln27,29,30). A recent parametrization
of tight-binding theory predicts a planar global minimum for
Al4,48 which agrees with higher-level calculations,37-40,48 but
the same tight binding potential fails to predict a planar global
minimum-energy structure for Al5.48 The planar structure of Al5

was not located in the BB or MDSQ searches with NP-B
because it is a saddle point. However, the Al5 search located a
structure withC2V symmetry that may be obtained by adding
an atom to one edge of the Al4 tetrahedron. The stability of the
structure was verified using DFT calculations with the PBE049

functional and the MG3 basis set,50 and this structure was found
to be higher in energy than the PBE0 global minimum (the
planarC2V structure) by only 0.32 eV. This structure was seldom
studied in previous discussion of Aln structures except one.51

For Al6, the global minimum predicted by the analytic potential
is an octahedron (Oh symmetry). Density functional theory
(DFT)37,38 and ab initio QCISD40 calculations indicate that the
global minimum of Al6 is aD3d structure Jahn-Teller distorted
away from the octahedral structure. The low-energy prism
structure reported by Ahlrichs and Elliott38 was not located in
the current work. These quantitative issues for small clusters
do not prevent us from drawing interesting conclusions in the
present study because the NP-B potential is accurate enough
for nanoparticles (n J 19) to study the questions of energy
landscapes that form the unique focus of the present study.

4. Energy Landscapes

Global Minima. The cohesive energy, CE(n), of the particle
of sizen is defined as

whereEe
(γ)(n) is the potential energy of the classical-equilibri-

um structure of the isomerγ of the particle of sizen, and we
have setγ ) 1 on the right-hand side of eq 1 to denote the
global minimum (γ is not needed forn ) 1). Note that the
potential energy for nuclear motion that appears in this definition
is the Born-Oppenheimer electronic energy of the ground
electronic state of the system, including nuclear repulsion.
Following the spectroscopic convention, the subscript “e”
denotes a classical-equilibrium value,52 that is, that thermal and
zero-point vibrational energy (ZPE) contributions are excluded.

The experimental bulk cohesive energy is 3.43 eV,53 exclusive
of zero-point vibrational contributions, as discussed in ref 40.
The CEs for the Aln particles are plotted as a function ofn in
Figure 6. Forn g13, the expression (see Figure S2 in Supporting
Information for a plot)

predicts an extrapolated bulk cohesive energyEcoh of 3.45 eV/
atom, which is only 0.02 eV higher than the experimental value.

Probabilities of the Isomers. A key issue in nanoparticle
science is the importance of low-energy isomers for the average
properties of the particles. This subject has often been neglected
because, at least for realistic potentials, usually only the
properties of the global minimum are studied. (For exceptions,
see ref 10.) Here we will explore this question by considering
the classical rovibrational partition functions (qRov) of the sets
of isomers found by the searches.

For molecules with a single structure (i.e., a single isomer),
one may approximate the internal partition function as a product
of electronic, vibrational, and rotational partition functions,
which is equivalent to assuming thatqRov is independent of
electronic state and the rotational partition function (qRot) is
independent of the electronic and vibrational states. This is called
the separable approximation.53-56 Similarly for a molecule with
more than one isomer, one can make a separable approximation
that the electronic partition function (qElec) is the same for all
the isomers. Then the internal partition function of a particle is
approximated as

whereεγ,V,j is the ground-electronic-state rovibrational energy
level of isomerγ relative to the local minimumEe

(γ) of the
isomer; V and j denote the collections of vibrational and
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CE(n) ) Ee(1) - Ee
(1)(n)/n (1)

CE(n) ) Ecoh - Bn-1/3 (2)

Figure 6. Cohesive energies of the global minima as a function ofn for
n ) 2-65. A table of these values is included in Supporting Information
as Table S1.

Q ) qElec∑
γ

[e-Ee
(γ)

/kT ∑
V,j

e-εγ,V,j/kT] (3)
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rotational quantum number, respectively,k is the Boltzman
constant, andT is temperature. The sum over rovibrational
energy levels yields the rovibrational partition function of an
isomer,

To calculateqRov
(γ) , we assume thatqRov

(γ) is the product ofqRot
(γ)

and vibrational partition function (qVib
(γ) ). The former is calcu-

lated classically using the rigid-rotor approximation, and the
latter is calculated using the harmonic-oscillator approximation
(HOA) for high-frequency modes and an effective HOA for low-
frequency modes (see Supporting Information).

By assuming that all the isomers are populated according to
an equilibrium distribution, the probability of one particular
isomer of Aln can be estimated by

where Pγ, Ee
(γ), and qRov

(γ) all refer to a specificn. Our most
accurate results are based on eq 5.Pγ calculated without
consideringqRot

(γ) , or in another perspective, by assuming that
all isomers have the sameqRot as the global minimum, has been
used by other researchers to analyze the size-dependence of the
properties of Lennard-Jones (LJ) clusters,57 strontium clus-
ters,58,59 copper and silver clusters,60 and Ag-Ni and Ag-Cu
clusters and nanoparticles.61

For comparison, the further assumption could be made that
qRov

(γ) is independent of the isomer structure, that is, that it
equalsqRov

(1) for all γ. The probability is then estimated by

Here we name this approximation the isomerically separable
(IS) approximation. To distinguish eq 5 from this IS method,
we will call it isomerically coupled (IC) or, for short, nonsepa-
rable. It is important to emphasize the physical difference. The
isomerically separable method ignores the differences in entropy,
thermal energy, and zero-point vibrational energy between the
various isomers, whereas the coupled calculation includes these
effects. More informally, one can say that the separable method
addresses the isomeric distribution entirely in terms of the
properties of optimized structures, whereas the coupled approach
adds statistical mechanics.

Distribution of Energy-Minimum Structures . The prob-
abilities of the first- through fourth-lowest-energy isomers
calculated by the coupled and separable methods are given in
the Supporting Information. However, the trends are clearer

when one examines the cumulative probabilities defined by

(Note thatC1 ) P1.) Cumulative probabilities forN ) 1, 2, 4,
8, 16, 32, and 64 are shown in Figure 7 at 300 and 1500 K.

Distributions calculated using the separable approximation
show several qualitative differences from those calculated
nonseparably, even at 300 K. For most particles at room
temperature, the IS approximation predicts that the global
minimum always has a probability higher than 50%, although
there are also several particles, for examplen ) 9 and 64, for
which the second-lowest-energy isomers have probabilities
comparable to that of the global minimum. For some particles,
for example,n ) 16, 22, 39, 57, and 58, even the third-lowest-
energy isomers have probabilities greater than 10%. However,
using the less approximate coupled method, the second-lowest-
energy isomer becomes the dominant structure for some
particles, for example, forn ) 9, 22, 32, and 39. Forn ) 9 and
32, the probability of the second-lowest-energy isomer is even
higher than 50%. Forn ) 61, the third-lowest-energy isomer
becomes the dominant structure, with a probability higher than
90%.

At 1500 K, above the particle melting points, the only
particles for which the global minimum dominates (P1 > 50%)
aren ) 2-6 and 13, all smaller than the smallest nanoparticle
(n ≈ 20). Furthermore, only 14 particle sizes,n ) 2-6, 8-10,
12-14, 16, 19, and 26, haveP1 > 0.2. In contrast, the IS
approximation predicts thatP1 > 0.50 forn ) 2-8, 12, 13, 19,
23, and 55, and thatP1 > 0.20 for 20 particle sizes,n ) 2-10,
12-15, 19, 23, 26, 38, and 53-55. The particularly high value
of P1

IS atn ) 13, 19, 23, 38, 55, and 61 are due to large energy
gaps between the global minimum and the second-lowest-energy
isomer, the gaps being 1.01, 0.67, 0.55, 0.45, and 0.70 eV,
respectively. However, after accounting for entropy and thermal
energy, theP1 values atn ) 38, 55, and 61 drop below 0.01. In
addition, assuming isomeric separability implies that the global
minima always have higher probabilities than other isomers,
while nonseparably, that is, including thermal effects and
entropy, other low-energy minima have higher probability than
global minima at 1500 K, for example the second-lowest-energy
isomer forn ) 7, 8, 9, 15, 22, 29, 32, 38, 39, 42, 43, 50, and
54-58; the third-lowest-energy isomer forn ) 7, 22, 49, 50,
55-58, and 63; and the fourth-lowest-energy isomer forn )
32, 49, 50, and 56-60. These considerations highlight the
importance of entropy, thermal energy, and ZPE in determining
the isomer distribution.

Analysis of the results in more detail leads to two interesting
general observations. Usually higher-energy isomers have lower
symmetry than global minima, and thus have smaller symmetry
numbers (which appear in the denominator ofqRot) and thus
have largerqRot than the global minima, that is, the phase space
associated with disordered clusters is typically much larger than
the phase space associated with highly symmetric structures.
Furthermore, global minima are usually more closely packed,
and thus have fewer small frequencies than higher-energy
isomers. Therefore, even for those particles with a large energy
gap between the global minimum and other isomers, it is
possible that higher-energy isomers have larger probabilities
whenqRov is taken into consideration. (In other words, the degree
of order and the density of packing are often smaller for higher-
energy structures, which may then become the dominant ones

(57) Doye, J. P. K.; Calvo, F.Phys. ReV. Lett. 2001, 86, 3570.
(58) Wang, G. M.; Blaisten-Barojas, E.; Roitberg, A. E.J. Chem. Phys.2001,

115, 3640.
(59) Doye, J. P. K.; Calvo, F.J. Chem. Phys.2003, 119, 12680.
(60) Baletto, F.; Rapallo, A.; Rossi, G.; Ferrando, R.Phys. ReV. B 2004, 69,

235421.
(61) Rossi, G.; Rapallo, A.; Mottet, C.; Fortunelli, A.; Baletto, F.; Ferrando, R.

Phys. ReV. Lett. 2004, 93, 10553.
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at higher temperatures because entropic considerations become
more important with increasing temperature.) For the particles
with just a few atoms (also called clusters), there are just a few
low-energy isomers; even the contributions calculated by the
nonseparable method show that for these small clusters the
global minimum is dominant even at 1500 K. As the cluster
size increases, more and more low-energy isomers appear, and
as the temperature rises, their population may increase signifi-
cantly. For example, forn ) 38, the global minimum is no
longer dominant by 600 K, and the probabilities of the fourth-
and sixth-lowest-energy isomers are non-negligible already at
400 K. (Interestingly, Wales12 found that the global minimum
of Ar38 is also special, in that case because it lies at the bottom
of a narrow side potential energy funnel in a disconnectivity
diagram. The pairwise Lennard-Jones potential used in that study
is quite different from the many-body potential used here.)

The global minimum has a population below 0.2 at 300 K
for n ) 31, 32, 37, 39, 41-43, 50, 56, 61, and 63-65, and it
is 0.24 for n ) 17 and 51 and 0.20 forn ) 22. Thus these
particle sizes provide the most dramatic example of statistical
mechanics trumping conclusions based only on optimized global
minima. We will take Al61 as a case study to analyze this effect,
and to do so we define the vibrational density of states as

wherenω is the number of vibrational states between frequency

ω and frequencyω + dω; FVib is obtained by a Legendre
moment method.62

Figure 8 indicates that the third-lowest-energy isomer of Al61

has higherFVib for frequencies below 150 cm-1. The global
minimum and the second-lowest-energy minimum have more
vibrational states at higher frequencies (above 250 cm-1). As
mentioned earlier, the low frequencies make large contributions
to the partition functions. In Figure 5 we also depicted the
structure of the second-, third-, and fourth-lowest-energy isomers
for Al61. One can see that the global minimum (Figure 4) and
the second-lowest-energy isomer (Figure 5) both have a face-
centered (FCC) close-packed structure, whereas the third-lowest-
energy isomer has an irregular structure. This is the reason that
the third-lowest-energy isomer has more low-frequency vibra-
tional modes and thus has a higher probability than the global
minimum.

The above discussion shows that for many large particles the
global minimum has a small probability and thus makes a
relatively small contribution to the properties of the particle even
at room temperature. This allows us to achieve a greater
understanding of the trends in Figure 7. At room temperature
(Figure 7a), for the particles withn < 30, except forn ) 17
and 22, the global minimum and the second-lowest-energy
isomer contribute most to the properties of particles, withC2 >
0.8. Forn ) 17 and 22, four and more than 32 low-energy

(62) Truhlar, D. G.; Blais, N. C.J. Chem. Phys.1977, 67, 1532.

Figure 7. Cumulative probability of theN lowest-energy isomers given by eq 7 as a function of cluster size at (a) 300 K and (b) 1500 K.

F
Vib

)
dnω

dω
(8)
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isomers, respectively, make important contributions to the
particle properties. However, formanyparticles withn g 30,
more than four isomers need to be considered. For some
particles, even the cumulative probability of the 16 lowest-
energy isomers is small; this occurs for particles withn ) 41,
50, 56, and 64. For most particles, it is sufficient to consider
the 32 lowest-energy isomers, but forn ) 41 and 64, even
considering the 32 lowest-energy isomers is not enough. At 1500
K (Figure 7b), higher-energy isomers contribute more to the
properties of the particles. For most particles withn > 20, even
the 64 lowest-energy isomers make small contributions (usually
less than 50%) at 1500 K.

Cohesive Energy Analysis. The cohesive energies may be
used in various ways to characterize the stability of the particles.4

One parameter characterizing the stability of a particle is its
excess energy∆(n), which is defined as5

Another stability parameter is the second finite difference,∆2

Ee
(1)(n), which is the energy released by migrating one Al atom

from Aln+1 to Aln-1 to form two Aln particles, and it is defined
as5

Magic Numbers. Figure 9 shows∆(n) vs n, and the second
finite energy differences are plotted as functions ofn in Figure
10. Peaks in the plots correspond to global minima that are stable
relative to their neighbors, and valleys correspond to unstable
particles. There are five clear peaks in the plot of∆(n), and
they occur atn ) 13, 19, 23, 38, and 55. These values ofn are
also the highest peaks in Figure 10. Thus these are the most
probable candidates for the magic numbers based on the usual
type of analysis, that is, the cohesive energies of the global
minima. Forn ) 13, this analysis is in agreement with the best
available theoretical results.39 No accurate first principles results
for the other magic numbers are available for comparison, but

our results for the magic numbers differ from those for other
analytical potentials and empirical methods such as the tight-
binding method. For example, the Voter-Chen version of
embedded-atom potential predicts that the magic numbers are
13, 38, 50, 54, and 61.26 The Sutton-Chen potential predicts
that the most stable clusters aren ) 4, 6, 12, 14, 17, 21, 23,
30, 34, 39, 42, 45, 49, and 56.29 Surprisingly, the Sutton-Chen
potential predicts that Al13 and Al55 are among the most unstable
particles. Chuang et al.46 have searched the global minima of
Aln (n ) 2-23) using a tight-binding method with a genetic
algorithm. They then reoptimized the geometries of low-energy
isomers using DFT method with a plane wave basis set to
determine the global minima at the DFT level. They also found
that 13 is a magic number. However, they concluded that 19 is
not, probably because their potential is less accurate than the
one used here.

However, we now recognize that an analysis of the global
minima is insufficient. As cluster size increases, the energy
distribution of isomers becomes almost continuous. Therefore,

Figure 8. Density of vibrational states of the three lowest-energy isomers
of Al61with “1” representing the global minimum, “2” the second-lowest-
energy isomer, and “3” the third-lowest-energy isomer.

∆(n) ) n(1/3)[CE(n) - Ecoh] (9)

∆2Ee
(1)(n) ) Ee

(1)(n - 1) + Ee
(1)(n + 1) - 2Ee

(1)(n) (10)

Figure 9. Excess energy function∆(n) as a function ofn. The ordinate is
defined by eq 9, and for this plot,Ecoh is taken as 3.45 eV/atom.

Figure 10. Second energy differences∆2Ee
(1)(n) as a function of cluster

size.
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one may need to look at the contributions of the isomers in a
specific energy range rather than the contribution of an
individual isomer. For this purpose, the probability of finding
an isomer with an energy between∆E and∆E + δE is defined
as

where∆E is relative energy defined by

andδE is a resolution parameter. Plots ofD vs temperatureT
and∆E for selected particles,n ) 13, 19, 23, 55, and 61 are
depicted in the Supporting Information, and plots forn ) 38
and 64 are given as Figure 11.

Figure 11a shows that the global minimum dominates at low
temperature but only up to∼400 K. At higherT, the populations
of the isomers at∼0.6 eV become significant but begin to
decrease at∼1000 K, where isomers with∆E ≈ 0.7-0.9 eV
becomes prominent. Thus, Al38 does not have a well-ordered
structure under most conditions. Al55 shows some similar trends.
The importance of the global minimum decreases rapidly above
500 K. Al55 melts at∼600 K, and isomers with∆E ≈ 0.7-
0.75 become prominent, reaching a maximum at 700 K but
constituting more than 80% of the population up to 1500 K.
This strong contribution is due to the existence of 205 isomers
in this energy region. Thus, the properties of the nanoparticles
and the question of magic numbers (particularly stable particles,

whose existence could be technologically important) can only
be properly understood by a more complete statistical mechan-
ical analysis.

Figure 12 showsPγ vs T and∆E for n ) 64.

5. Statistical Nanothermodynamics

After Pγ is calculated, the correctly averaged thermodynamic
properties of a particle can be calculated. For example, the
thermal energy of a particle at temperatureT including the
electronic contribution, can be calculated by

where 1.5kT is the contribution from the translational motion,
ET

Elec is the average electronic excitation energy (assumed
separable and independent ofn), ∆Ee

(γ) is the equilibrium
energy of an isomer relative to the global minimum as defined
in eq 12, andPγ,V,j is

whereQIsoRov is the isomeric-rovibrational partition function of
an particle:

The standard state (1 atm) Gibbs free energy of a particle is
given by

whereqTrans is the translational partition function. Similar to
∆2Ee

(1)(n), we define

The quantity∆2GT(n) is shown as a function of cluster size
in Figure 13. At 300 K,∆2GT(n) shows trends similar to
∆2Ee

(1)(n), which does not include entropy, thermal energy, and
ZPE contributions. One difference is that the prominent peak
at n ) 61 in Figure 10 vanishes already at 300 K in Figure 13.
For n ) 38, the peak in∆2Ee

(1)(n) becomes a shallow valley in

Figure 11. Three-dimensional representation ofD (defined by eq 11 and
calculated withδE ) 0.05 eV) vs temperatureT and relative energy∆E
(labeledDE in the plot) for (a)n ) 38 and (b)n ) 64.

D ) ∑
∆EeEe

(γ)<∆E+δE

Pγ (11)

∆E ) ∆Ee
(γ) ) Ee

(γ) - Ee
(1) (12)

Figure 12. Probability of finding an isomer of Al64 as a function of
temperatureT. See eq 5.
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∆2GT(n) by 500 K, and the valley atn ) 50 vanishes by 800
K. The peak atn ) 55 vanishes and shifts ton ) 56 at 500 K,
and the peak atn ) 56 vanishes at 1500 K. Another interesting
result is that at 1500 K, the high peak atn ) 19 in Figure 10
becomes a valley in Figure 13, and a new peak atn ) 20
appears. For other sizes, peaks frequently become valleys and
vice versa on the∆2GT(n) plot, for example forn ) 5, 7, 11,
and 14.

The oscillation amplitude in∆2GT(n) plots in general
decreases as temperature increases, as seen by comparing the
two temperatures in Figure 13. This indicates that after a particle
melts and becomes a nanodroplet, particle properties may
become a smooth function of particle size. Of course, the
properties of small particles (clusters) still depend greatly on
particle size. The oscillation amplitude also decreases as cluster
size increases so that particle properties become less dependent
on size as particle sizes increases. Additional plots involving
equilibrium energy, thermal energy, and free energy are given
in Supporting Information. The plots, taken as a whole, show
that the relative stability of metal particles is determined by
additional factors beyond the commonly used cohesive energy
criterion. The plots of the first and second energy differences
and the first and second Gibbs free energy differences clearly

indicate that the stability of a particle as a function of particle
size changes with temperature; comparison of plots of the
thermal energy and ZPE to plots of free energy shows some
interesting differences but overall more similarity than differ-
ence, which indicates the importance of thermal energy and ZPE
relative to entropy for most (but not all) trends. Knowledge of
the size dependence of∆2GT(n) is useful for guiding the
synthesis of nanoparticles with a desired particle size. For
example, according to the∆2GT(n) plot, it may be difficult to
synthesize Al57 particles.

Particle Isomeric Energies. With the partition functions
calculated above, it is easy to calculate the average properties
of an ensemble composed of a single global minimum and its
surrounding basin. The thermal energy of a single isomer is

As before we assumeEElec
(γ) is independent ofγ. Then we define

a property that can be used to characterize the representative
capability of the global minimum structure to the thermochemi-
cal properties of a particle with more than one isomer, which is
the difference between∆ET

tot and the thermal energy of the
global minimum, which yields

where EVib
(1) and ERot

(1) are the thermal vibrational energy and
thermal rotational energy of the global minimum, respectively.
We name this quantity particle isomeric energy. Clearly, ifEIso

is close to zero, the thermochemical properties of the global
minimum can well represent the properties of the particle.

Particle isomeric energy as a function of particle size is plotted
in Figure 14 at four temperatures. At 300 K, for the small
particles withn e 30, EIso is all close to zero. The largestEIso

is atn ) 17, whereEIso) 0.04 eV, and the second largestEIso

is at n ) 22 and 29, whereEIso) 0.03 eV. Forn e 30, 24 of
the 29 particle sizes haveEIso values less than 0.02 eV. However,
for n > 30 only 13 out of 35 particles haveEIso values that are
less than 0.02 eV, but eight of them haveEIso values that are
less than 0.01 eV. These 8 particles are Al35, Al38, Al40, Al44,
Al48, Al53, Al54, and Al55. For some particles, for example for
Al41, Al50, and Al61, studying just the global minimum may
cause very large error.

EIso is a monotonically increasing function of temperature.
For T ) 500 K andn > 30, the number of the particles with
EIso< 0.01 eV drops to 3, in particular, Al48, Al53, and Al54.
Surprisingly, EIso of Al38 increases rapidly to 0.56 eV. As
discussed above, this is because higher-energy isomers in a wide
energy range quickly make significant contributions for Al38.
As temperature increases to 800 K, only 8 (including Al2, which
has only one isomer) of the 64 particles haveEIsovalues that
are less than 0.01 eV, and these particles Al2, Al3, Al4, Al6,
Al12, Al13, Al19, and Al56. At 1500 K, except for Al2, Al3, and
Al4, all particles have largeEIso values greater than 0.07 eV.

Two very interesting trends can be observed in Figure 14.
The first one is that theEIso of Al56 does not change much from
300 to 800 K, which means in this wide temperature range, the
energy of the particle can be well represented by the global
minimum. However, the probability of the global minimum is
very small. We have checked the structures of Al56, and found
that there are 53 isomers with energies no higher than 0.02 eV

Figure 13. Second free energy difference,∆2GT
tot(n), as a function of

cluster size. Note that∆GT is labeled∆GT
tot in the figure to emphasize that

it includes translational, rotational, vibrational, isomeric, and electronic
contributions.
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above the global minimum, and two with energies just 0.07 eV
higher than the global minimum. The rest are higher in energy
by more than 0.41 eV. The global minimum, the second-lowest-
energy isomer, and the third-lowest-energy isomer can be
viewed as adsorbing an Al atom onto the isocahedral Al55 global
minimum. The other 50 isomers can be viewed as inserting one
aluminum atom into a five-member ring formed by surface
aluminum atoms of the isocahedral Al55 global minimum to
make a six-membered ring. These 53 isomers thus have very
similar structures to the global minimum so that, although many
structures contribute, the properties of the global minimum may
still be representative. Figure 7 indicates that the low-lying 64
isomers have a total probability of more than 60% even at 1500
K (see also the Supporting Information).

For particles withn ) 12, 13, 19, 23, 38, 52, 53, 54, and 55,
the plots show a valley basin at lowT changing to a peak at
high T with a dramatic change inEIso values. This may
correspond to a dramatic change in the particle properties that
are a function of geometry (structure), and in particular it may
correspond to a phase transition or a structural transition. In
Figure 15, we plot theEIso values of these particles as a function
of temperature. Notice that the first-order derivative ofEIso with
respect to temperature is the heat capacity difference between

the particle and the global minimum; thereforeEIso can also be
used to study the phase transitions or structural transition of
metal particles. For example, the transition of Al13 begins at
about 1100 K, and that of Al38 begins at about 350 K. It is
interesting that for Al55, a first transition begins at about 500
K, while there is a second transition that begins at about 1200
K; at 1200 K, high-energy isomers above 1.2 eV begin to have
non-negligible probability. The isomeric energy of Al56 is also
plotted in Figure 15 for comparison. The plot shows that Al56

indeed has a very late structural transition which begins at about
1000 K.

6. Conclusions

In this work, the global minimum-energy structures, as well
as thousands of higher-energy local minima, have been char-
acterized for Aln (2 e n e 65) clusters and nanoparticles by
using a combination of a big-bang random search and molecular
dynamics quenching simulations. Although there has been
considerable effort devoted to characterizing the minimum-
energy structures of, for example, Lennard-Jonesium7 (a system
composed of atoms interacting by two-body LJ potentials), we
know of no extensive systematic work employing a potential
as accurate as the potential surface used here, which has been
well validated for nanoparticles. Thus, even though no analytic
potential is fully reliable, the structures found here can serve
as starting geometries for more detailed investigations of
electronic, vibrational, rotational, and reactive properties of the
clusters and nanoparticles. Even more informatively, we have
used them to survey (for the first time) the trends in the
nanothermodynamics of a realistic model of metal particles.

Cohesive energies of the global minima and their first and
second energy differences have been calculated, and, neglecting
thermal energy and entropy effects, candidates for magic
numbers were determined to ben ) 13, 19, 23, 38, and 55.
The thermal stability of these particles was also considered, and
Al38 was found to lose its enhanced stability, even at modest
temperatures.

The equilibrium distributions of the low-energy configurations
of Aln have been calculated for all particles up ton ) 65, and
this analysis includes the effect of the rovibrational partition
functions of isomers. We find that the probability distributions
of structures computed from the electronic energy alone
(isomerically separable approximation) can be quite different
from those computed including isomer-dependent rovibrational

Figure 14. Particle isomeric energy (EIso, eq 19) as a function of cluster
size.

Figure 15. EIso (eq 19) as a function of temperature for particles withn )
12, 13, 19, 23, 38, 52, 53, 54, 55, and 56.
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free energy (isomerically coupled approximation). In general
(the exceptions aren ) 4, 5, 6, 12, and 13), the global minimum
energy structure is not the dominant structure (the lowest-free-
energy structure) at elevated temperatures. For some particles,
it is the second-lowest-energy isomer (Al9 and Al31) or the third-
lowest-energy isomer (Al61) that is dominant even at room
temperature. Furthermore, especially for the larger particles or
at higher temperatures, so many structures contribute to the
thermal distribution that it is more practical to average over
structures by statistical sampling rather than by cataloging an
exhaustive library of structures.

We have also analyzed in detail the equilibrium distribution
of all the low-energy isomers located by the molecular dynamics
quenching simulations for five candidates for magic numbered
particle sizes. We found that Al38 may not be a magic particle
since its global minimum structure is only dominant in a small
temperature range above room temperature. Above 400 K, it
can be viewed as a mix of many isomers in a wide energy range.
Therefore, determining the magic numbers of metal particles
by just considering the potential energies of the global minima
is insufficient. A very interesting result obtained by analysis of
the phase transition of Al55 is that at higher energy it is
composed of similar structures in a very narrow energy range
between 0.70 and 0.75 eV, which may be viewed as a quasi
energy level so that the phenomenological behavior can be
explained by a two-state model.

Particle isomeric energies,EIso, have been calculated to
characterize the contribution of the global minimum to the
properties of a particle with more than one isomer. For some

particles, for example Al56, even though the global minimum
has a low probability even at room temperature, the properties
of the particle can still be represented by the global minimum
in a wide temperature range. The isomeric energy can also be
used to characterize structural transitions in metal particles.
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